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Abstract

A two dimension mathematical model has been developed to simulate the coupled heat and mass transfer in a porous medium under-
going a strong endothermic chemical reaction. Differing from the traditional two phase equation model, just the temperature field of bulk
flow is known from the solution of energy equation. The temperature distribution of the solid matrix is solved according to the reaction
kinetics of the decomposition of calcium carbonate. The coupling of these two equations is given by the item of chemical reaction. The
fluid flow is modeled by the Ergun–Forchheimer–Brinkman equation. This model is solved numerically by the alternate dimension impli-
cit method, and the numerical results are validated by comparing with the experimental data in literature. The influence of the strongly
endothermic chemical reaction on the heat and mass transfers in the porous medium is discussed. The reaction features of the packed bed
of pellets are analyzed under different conditions by varying the key parameters.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Flow and heat transfer in porous media have broad
applications in nature and engineering practice such as geo-
thermal systems, energy storage units, thermal insulation,
packed bed heat exchangers, drying technology, catalytic
reactors, and nuclear waste repository. In general, various
analytical studies used in dealing with transport processes
in porous media hypothesize the existence of local thermal
equilibrium [1–4]. But, the utilization of the assumption of
local thermal equilibrium breaks down often in many prac-
tical applications. Quintard and Whitaker [5] cited numer-
ous physical situations where local thermal equilibrium
fails. For example, when there is a significant heat genera-
tion occurring in any one of the two phases (solid or fluid),
the temperatures in the two phases are no longer identical.
When the temperature at the bounding surface changes sig-
nificantly with respect to time, and when solid and fluid
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phases have significantly different heat capacities and ther-
mal conductivities, the local rate of change of temperature
for one phase differs significantly from that for the other
phase. Amiri and Vafai [6] investigated the validity of local
thermal equilibrium conditions for steady state as well as
transient incompressible flow through a porous medium.
Kim et al. [7] presented an analytical solution for two-
equation model including the boundary effect for an equiv-
alent microchannel application. They presented analytical
solutions for the fluid and solid phase temperature distribu-
tions based on the Brinkman-extended Darcy equation.
They also analyzed the validity of the local thermal equilib-
rium assumption.

In the absence of local thermal equilibrium, the single
energy equation needs to be replaced with two energy equa-
tions, one for the solid and another for the fluid. The cou-
pling of these two equations is given by the interfacial heat
transfer coefficient. Two energy equation models have been
introduced heuristically in the literature [8]. In recent years,
the local thermal non-equilibrium model has been given
considerable attention and been utilized in various fields
[9] due to its pertinence in applications. For example, Lee
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Nomenclature

C* molar fraction of species CO2

CCO2
concentration of product gas CO2 (mol m�3)

Cp specific heat of mixture gas (KJ mol�1 K�1)
Cp, CO2

specific heat of CO2 (KJ mol�1 K�1)
Cp, d specific heat of inertial gas (KJ mol�1 K�1)
d particle diameter (m)
D effective diffusivity (m2 s�1)
GA moles of calcium carbonate (mol)
hi interfacial convective heat transfer coefficient

(W m�2 K�1)
DH enthalpy of dissociation (KJ mol�1)
kf fluid conductivity (W m�1 K�1)
L reactor length (m)
Ms molar mass of calcium carbonate (g/mol)
qs, qd, qr heat transfer rate (W)
qw constant heat flux at the wall (W)
r coordinate variable in radial direction (m)
rc un-reacted core radius, (m)
rin initial pellet radius, (m)
�r dimensionless radial coordinate, r/R
R cylindrical reactor diameter (m)
RA overall reaction rate of a single particle

(mol s�1)
RV overall reaction rate on the scale of REV

(mol m�3 s�1)
SV specific surface area (m�1)

t time (s)
�t dimensionless time scale, �t ¼ tD=L2

Tb temperature of main stream flows in pore (K)
Tc unburnt core temperature (K)
Tin initial thermal gas temperature (K)
Ts surface temperature of the particle (K)
v effective velocity of fluid flow in porous media

(m s�1)
vb superficial velocity of fluid (m s�1)
x longitudinal coordinate (m)
�x dimensionless axial length scale, x/L

Greek symbols

ke thermal conductivity of the solid product
(W m�1 K�1)

l dynamic viscosity (kg s�1 m�1)
e porosity
q molar density of the mixture gas (mol m�3)
qs limestone density (kg m�3)
qf fluid density (kg m�3)

Subscripts/superscripts

f fluid phase
p specific heat at constant pressure
s solid phase/surface
� non-dimensional
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and Vafai [10] employed the non-thermal equilibrium
model to investigate the forced convective flow through a
channel filled with a porous medium. They obtained ana-
lytical solutions for the fluid and solid phase temperature
distributions. Kuznetsov [11] obtained an interesting per-
turbation solution for the temperature difference between
the solid and liquid phases for the problem of thermal
non-equilibrium in a parallel plate channel with constant
heat flux using a perturbation approach. However, his
analysis could not produce a temperature distribution for
any of the phases. Marafie and Vafai [12] obtained analyt-
ical expressions for the fluid and solid phase temperature
distributions for convective flow through the channel with
a constant heat flux applied at walls and accounting for
both boundary and inertial effects. By far, most researches
related the heat and mass transport in porous media usu-
ally focus on the transport processes within an inert porous
medium [13–16]. Veldsink et al. [17] adopted the Fick
model and the dusty-gas model to study the mass transport
accompanied by chemical reaction in porous catalyst.
Jaguste and Bhatla [18] investigated simultaneous heat,
mass and momentum transport phenomena accompanying
phase transition and exothermic chemical reaction in
unsaturated capillary porous media with respect to a par-
tially externally wetted nonisothermal catalyst pellet. But,
studies on the flows of mass and heat in a porous medium,
where the solid matrix subjected to chemical reactions is
not a catalyst but a reactant, are very few.

The calcination of limestone is an important gas–solid
reaction that was employed extensively in metallurgy and
chemical industry [19]. The thermal decomposition of
calcium carbonate is a strongly endothermic chemical
reaction, forming CO2 gas. So it is necessary to absorb
substantive heat from the environment when the reaction
rate is higher, and a macroscopic volume flow of product
gas from the reaction interface to the main stream will be
induced. As a result, the reciprocal coupling among the
heat transfer, mass transfer and the chemical reaction
should be investigated, during the calcination of limestone
when the temperature gradient and the concentration gra-
dient exist simultaneously.

The objective of this paper is to establish the mathemat-
ical model describing the coupled processes of the lime-
stone decomposition reaction, the heat and mass transfer
in packed bed, by applying the local thermal non-equilib-
rium assumption and the Ergun–Forchheimer–Brinkman
equation. Differing from the traditional two phase equa-
tion model, just the temperature field of bulk flow is known
from the solution of energy equation. The temperature dis-
tribution of the solid matrix is solved according to the reac-
tion kinetics of the decomposition of calcium carbonate.
The coupling of these two equations is given by the item
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of chemical reaction. And the model is solved numerically
by the alternate dimension implicit method. The profiles of
the temperature fields for the fluid and solid phases, the
concentration distribution of the product gas and the solid
conversion degree are obtained, by changing key parame-
ters. The influence of the strongly endothermic chemical
reaction on the heat and mass transfers in the porous med-
ium are discussed.

2. Modeling and formulation

2.1. Problem description

The schematic diagram of the problem is shown in
Fig. 1. A cylindrical reactor is filled with spherical speci-
mens and is subject to a constant heat flux boundary con-
dition. The diameter of the circular duct is 2R, and the
length of which is L. Due to symmetry considerations,
one half of the reactor is considered.

The following assumptions are invoked in the formula-
tion of the model:

(1) The flow in the porous media is incompressible, i.e.
the bulk density of the gas q is constant;

(2) The natural convection and the radiation heat trans-
fer are neglected;

(3) The rate of decomposition was controlled by the heat
transfer from environment to reactive interface;

(4) The process of heat conductivity through the calcined
layer is pseudo-steady state;

(5) The temperature of the unreacted core remained
constant;

(6) The entire amount of heat transferred from the envi-
ronment to the sample was used up for the endother-
mic reaction and the temperature rise of the product
gas diffusion flux.
2.2. Mathematical modeling

According to the shrinking core model, the calcination
of limestone is made up of five steps:
Fluid flow  
Tin

L

x

Bed initially 
at Tc

qw

r

2R

Fig. 1. Schematic diagram of the reactor filled with porous media.
(1) Heat transfer from the environment to the exterior of
a particle;

(2) Heat transfer from the particle’s external surface to
the reaction interface;

(3) At the reaction interface, limestone absorbs heat and
begins to decompose thermally;

(4) CO2 formed by reaction diffuses through a porous
layer of CaO, which extends from the reaction inter-
face to the particle’s exterior;

(5) The diffusion of CO2 from a particle’s exterior surface
to the environment.

The amount of heat that reaches the outer surface of the
oxide shell, i.e. the heat transfer rate of step (1), is given by

qs ¼ 4pr2
inhiðT b � T sÞ ð1Þ

The amount of heat that reaches the decomposition inter-
face, i.e. the heat transfer rate of step (2) can be given by
the equation [20]

qd ¼ 4pkerinrcðT s � T cÞ=ðrin � rcÞ ð2Þ

Because calcination is a relatively slow process, a pseudo-
steady state can be assumed [20], so

qs ¼ qd ð3Þ

Substituting Eqs. (1) and (2) in Eq. (3) and solving for Ts

T s ¼
rinhiT b þ kercT c=ðrin � rcÞ

rinhi þ kerc=ðrin � rcÞ
ð4Þ

Substituting Eq. (4) in Eqs .(1) and (2) and rearranging

qs ¼ qd ¼
4pr2

inðT b � T cÞ
½1=hi þ rinðrin=rc � 1Þ=ke�

ð5Þ

The heat consumed by chemical reaction (corresponding to
step (3)) is given by [20]

qr ¼ RAfDH þ Cp;CO2
ðT b � T cÞg ð6Þ

As we have assumed in part 2.1, the overall rate of decom-
position was controlled by the heat transfer from environ-
ment to reactive interface. Then the influences of step (4)
and step (5) on the overall rate of decomposition can be ne-
glected. These five steps take place in series. The overall
rate of the calcination of limestone is determined by the
slowest step which is called the control step, and the rates
of other steps are all equal to the rate of the slowest step
[21]. Thus

qr ¼ qs ¼ qd ð7Þ

Substituting Eqs. (5) and (6) in Eq. (7) and solving for RA,
then the overall rate formulation in heat transfer controlled
regime suitable to single pellet thermal decomposition (RA)
can be obtained as follows

RA ¼ 4pr2
inðT b � T cÞ=f½1=hi þ rinðrin=rc � 1Þ=ke�

� ½DH þ Cp;CO2
ðT b � T cÞ�g ð8Þ
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The instantaneous decomposition rate may be given by [20]

RA ¼ �dGA=dt ¼ �ð4pr2
cqs=M sÞdrc=dt ð9Þ

where �dGA/dt denotes the exhaustive mole of calcium
carbonate per unit volume and unit time. Combining
Eqs. (8) and (9), separating the variables and integrating

ðM s=qsÞ
Z t

0

fðT b � T cÞ=½DH þ Cp;CO2
ðT b � T cÞ�gdt

¼ ½rinð1� ðrc=rinÞ3Þ�=ð3hiÞ þ ½r2
inð1� ðrc=rinÞ2Þ�=ð2keÞ

� ½r2
inð1� ðrc=rinÞ3Þ�=ð3keÞ ð10Þ

Defining X ¼ rc=rin, fs ¼ 1� X 3, fs is the solid fractional
conversion.

Eq. (8) is an overall rate expression, which is only suit-
able to a single sphere. In packed bed, the minimal unit
is the representative elementary volume (REV). In order
to derive the overall reaction rate of REV, we need to know
the specific surface area of REV which can be written as
follows:

SV ¼ 3ð1� eÞ=rin ð11Þ

From Eqs. (8) and (11), the overall rate formulation RV can
be derived as:

RV ¼ ½3ð1� eÞ=rin�ðT b � T cÞ=f½1=hi þ rinðrin=rc � 1Þ=ke�
� ½DH þ Cp;CO2

ðT b � T cÞ�g ð12Þ

The quantity RV denotes the mole of the product gas CO2

produced by the decomposition of limestone per unit vol-
ume and unit time in packed bed.

The fluid-to-solid heat transfer coefficient is expressed as
[6,22]

hi ¼ kf ½2þ 1:1Pr1=3ðqfvd=lÞ0:6�=d ð13Þ

Considering the diffusion, convection and chemical reac-
tion take place simultaneously in the porous media; the
mass balances for product gas CO2 on the scale of a
REV are given by

e
oCCO2

ot
¼ e

1

r
o

or
rD

oCCO2

or

� �
þ e

o

ox
D

oCCO2

ox

� �

� ev
oCCO2

ox
þ RV ð14Þ

Substituting Eq. (12) in the above equation

e
oCCO2

ot
¼ e

1

r
o

or
rD

oCCO2

or

� �
þ e

o

ox
D

oCCO2

ox

� �
� ev

oCCO2

ox

þ SvðT b � T cÞ
f½1=hi þ rinðrin=rc � 1Þ=ke�½DH þ Cp;CO2

ðT b � T cÞ�g
ð15Þ

v is the effective velocity, the quantity of v can be deter-
mined from the superficial velocity vb and the porosity,
v ¼ vb=e. The model developed for analyzing the fluid flow
in the porous media is the Ergun–Forchheimer–Brinkman
equation [23] expressed as follow
� dP
dx
¼ 150

lvb

d2

ð1� eÞ2

e3
þ 1:75

qfv
2
b

d
ð1� eÞ

e3

� l
e

1

r
d

dr
r

dvb

dr

� �
ð16Þ

The energy conservation equation of the main stream is
given by

e
oðqCpT bÞ

ot
¼ e

1

r
o

or
rkf

oT b

or

� �
þ e

o

ox
kf

oT b

ox

� �

� ev
oðqCpT bÞ

ox
� Sv

ðT b � T cÞ
f1=hi þ rinðrin=rc � 1Þ=keg

ð17Þ

The surface temperature of the sphere Ts (Eq. (4)) is solved
form Eqs. (1) and (2). This formulation is a simplifying ap-
proach of the two-temperature model and only suitable to
the system with strong endothermic gas–solid reactions.

The following dimensionless variables are introduced
for normalizing the governing equations and boundary
conditions

C� ¼ CCO2
=q; �t ¼ tD=L2; �r ¼ r=R; �x ¼ x=L;

T � ¼ T b=T in ð18Þ

Utilizing Eq. (18), the dimensionless mass balance equation
can be written as:

oC�

o�t
¼ L2

R2

1

�r
o

o�r
�r
oC�

o�r

� �
þ o

2C�

o�x2
� vð�rÞL

D
oC�

o�x

þ SvT inL2

eqDR1

ðT � � T c=T inÞ
½DH þ Cp;CO2

T inðT � � T c=T inÞ�
ð19Þ

where R1 ¼ 1=hi þ rinðrin=rc � 1Þ=ke.
The specific heat of mixture gas Cp in Eq. (17) can be

rewritten as:

Cp ¼ ð1� C�ÞCp;d þ C�Cp;CO2
ð20Þ

The dimensionless energy equation is

oðð1� C�ÞCp;d þ C�Cp;CO2
ÞT �

o�t

¼ L2

R2

kf

Dq
1

�r
o

o�r
�r
oT �

o�r

� �
þ kf

Dq
o2T �

o�x2

� vð�rÞL
D

oðð1� C�ÞCp;d þ C�Cp;CO2
ÞT �

o�x

� SvL2

Dq
ðT � � T c=T inÞ

f1=hi þ rinðrin=rc � 1Þ=keg
ð21Þ
3. Numerical solution

Alternate dimension implicit method (ADI) [24,25]
was used to solve the two-dimensional mathematical
model established in this paper numerically. The ADI
formulation can be constructed by discretizing the partial
differential governing equations and then splitting the
space as alternatively let each spatial direction be repre-
sented implicitly while the other explicitly at 1/2 time
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interval. In this way, a two-dimensional problem was
transformed into two series-wound one-dimensional
implicit problems. The initial and boundary conditions
for the problem are: C�ð�x;�r; 0Þ ¼ 0, T �ð�x;�r; 0Þ ¼ T c=T in,
rcð�x;�r; 0Þ ¼ rin, C�ð0;�r;�tÞ ¼ 0, T �ð0;�r;�tÞ ¼ 1, oC�ð�x; 0;�tÞ=
o�r ¼ 0, oT �ð�x; 0;�tÞ=o�r ¼ 0, oC�ð1;�r;�tÞ=o�x ¼ 0, oT �ð1;�r;�tÞ=
o�x ¼ 0, oC�ð�x; 1;�tÞ=o�r ¼ 0, oT �ð�x; 1;�tÞ=o�r ¼ qw.

The discrete equations can not be solved independently
because of the cross-coupling between the mass balance
equation and the energy balance equation, so an iterative
method was used to solve the temperature and concentra-
tion fields. Convergence is measured in terms of the maxi-
mum change in each variable during iteration at each time
increment. The maximum change allowed for the conver-
gence check is set to 10�6. All computations have been car-
ried out for a half of the cylindrical reactor L� R using
non-uniform grid arrangements with 60�50 to ensure that
the results are independent of the grid system.

4. Results and discussion

The values of the constant parameters in calculation
are given by: Cp;d ¼ 27:972 J mol�1 K�1, Cp, CO2 = 44.31
J mol�1 K�1, kf ¼ 0:072 W m�1 K�1, D = 3.05 � 10�4

m2 s�1, qs = 2.47 � 103 Kg m�3, L = 0.15 m, R = 0.05 m,
Tc = 1170 K, ke = 0.0053 W m�1 K�1, DH = 161.91 KJ
mol�1 [20].

In order to verify the present theoretical model, a simu-
lation of the experimental conditions of literature [19] was
performed. The numerical solutions of the present model
for the conversion ratio were compared with the experi-
mental data as shown in Fig. 2. The dotted lines in Fig. 2
show the experimental data for the variation of the conver-
sion ratio with time for three different particle sizes, and the
calculated results are represented by the solid lines. An
excellent agreement can be seen between the measurements
and calculations.
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The penetrative velocity profiles in the radial direction
obtained by using the Ergun–Forchheimer–Brinkman
equation are shown in Fig. 3. demonstrates that as the
porosity increases, the penetrative velocity increases signif-
icantly. The penetrative velocity decreases obviously at the
radial boundary wall and a velocity boundary layer is
formed. The third term on the right-hand side of Eq. (16)
is the Brinkman term, which represents the viscous effects
introduced by the presence of an interface region and
ensures the no-slip boundary condition at the wall.
Although the momentum boundary layer is in general
confined to a small distance from the wall, its inclusion
in the analysis is crucial for computing the distributions
of temperature and concentration in the undergoing
investigation.

The influences of the penetrative velocity of the bulk
flow on the transport and reaction characteristics along
the axial centerline of the porous reactor are shown in Figs.
4–6. It can be seen from Fig. 4 that the larger the convec-
tion rate is, the more significant the temperature difference
between the fluid and solid phases is. In addition, increas-
ing the penetrative velocity of the feeding gas leads to the
conversion degree of the solid particles enhances while
the concentration distribution of the product gas reduces,
as shown in Figs. 5 and 6. This is expected since a higher
flow rate would cause more heat to be transferred into
the reactor and more product gas to be transferred out-
ward from the reactor, which results in the increase in
the reaction rate and the decrease in the concentration of
product gas.

Fig. 7 shows the variation of the fluid and solid temper-
ature fields, the concentration distribution of the product
gas and the conversion ratio of the solid particles with
the initial temperature of feeding gas in radial direction
of the porous packed bed. As can be seen from Fig. 7a,
the temperature fields for both phases increase as Tin

increases and the temperature differences between the two
phases enhance at the same time. The results imply that
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increasing the initial temperature of feeding gas would
cause a higher departure from the local thermal equilib-
rium condition. It was also found that the product gas con-
centration distribution and the conversion ratio of the solid
particles all increase with the increase of the initial temper-
ature (Fig. 7b and c). This is expected since a higher initial
temperature of feeding gas would cause the quantity of
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heat transferred into the reactor to improve, which results
in the increase in the decomposition reaction rate. Conse-
quently, the solid reactant consumed by thermal decompo-
sition reaction increases, and more product gas is
produced. It is worth pointing out that the profiles of the
temperature distributions of the two phases and the solid
conversion ratio all decay near the radial boundary wall
�r ¼ 1, which corresponding to the boundary layer of the
velocity in Fig. 3. However, the concentration of the prod-
uct gas increases near the wall owing to the slower speed
layer.

Figs. 8–10 display the effect of the particle diameter on
the gas and solid temperature fields as well as the chemical
characteristics of the porous packed bed. It can be seen
from Fig. 8, a larger temperature discrepancy between
the fluid and the solid phases was encountered as particle
diameter increases. According to Eq. (11), the specific sur-
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Fig. 8. Influence of the particle radius on the temperature field of the gas
and solid matrix.
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Fig. 9. Variation of the concentration fields of the product gas with the
particle radius.

Fig. 10. Influence of the particle radius on the fractional conversion of
solid matrix.
face area SV reduces with the increase of the particle diam-
eter, causing the thermal decomposition reaction rate to
decrease. Thus, within the same time, if the particle diam-
eter increases, the heat exhausted by the reaction will
decrease and the gas produced by reaction also reduced
(Fig. 9). Fig. 10 exemplifies the effect of the particle diam-
eter on the solid conversion degree. As can be concluded
from this figure, the solid conversion degree reduces near
the entrance as the particle radius increases. But with the
region that takes place the decomposition reaction deepens
down to the exit, an increase in particle diameter results in
an opposite effect for the solid conversion degree. This is
expected since the overall reaction rate (Eq. (12)) is deter-
mined by the product of the specific surface area SV and
the temperature difference between the two phases
(T b � T cÞ. Hence, the variation of the solid conversion
degree with particle diameter is diverse at different spatial
coordinate.
5. Conclusion

According to the chemical reaction kinetics and the
assumption of local thermal non-equilibrium, a mathemat-
ical model describing the coupling among the multi-irre-
versible processes in a porous system with a strong
endothermic chemical reaction was established and solved
by the alternate dimension implicit method. The calculated
results showed that, the temperatures difference between
the fluid and solid phases can not be ignored during the
study of limestone calcination. The temperature fields for
both phases and the temperature differences between the
two phases all enhance, resulting from the increase either
in the penetrative velocity or in the initial temperature of
feeding gas or in the particle diameter. Corresponding to
the boundary layer of the velocity, the profiles of the
temperature distributions of the two phases and the solid
conversion ratio all decay near the radial boundary wall
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�r ¼ 1. However, the concentration of the product gas
increases near the wall owing to the slower speed layer.
The concentration distribution of the product gas reduced
as the penetrative velocity quickens, but increased with the
increase of the initial temperature Tin. Depending on the
specific value of the overall reaction rate, the variation of
the solid conversion degree with particle diameter is diverse
at different spatial coordinate. This will be useful for the
design of reactor and choosing the most reasonable opera-
tion conditions.
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